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3𝑡

𝑦1 = 𝑏1𝑒
𝑡 , 𝑦2 = 𝑏2𝑒

2𝑡 , 𝑦3 = 𝑏3𝑒
3𝑡

𝑧1 = 𝑐1𝑒
𝑡, 𝑧2 = 𝑐2𝑒

2𝑡, 𝑧3 = 𝑐3𝑒
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𝐹𝑜𝑟 𝑚1 = 1, 𝑓𝑟𝑜𝑚(4)

2𝑎1 + 3𝑏1 + 4𝑐1 = 0

3𝑎1 + 4𝑏1 + 5𝑐1 = 0

10𝑎1 + 9𝑏1 + 8𝑐1 = 0

𝑇ℎ𝑒𝑠𝑒 𝐸𝑞𝑠. 𝑎𝑟𝑒 𝑛𝑜𝑛 𝑡𝑟𝑖𝑣𝑖𝑎𝑙𝑙𝑦 𝑠𝑜𝑙𝑣𝑎𝑏𝑙𝑒,

𝑖. 𝑒. ℎ𝑎𝑠 𝑎 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑡ℎ𝑒𝑟 𝑡ℎ𝑎𝑛;

𝑎1 = 𝑏1 = 𝑐1 = 0

𝐹𝑜𝑟 𝑎𝑙𝑙 𝑣𝑎𝑙𝑢𝑒𝑠 𝑜𝑓 𝑘1; 𝑎1 = −𝑘1, 𝑏1 = 2𝑘1𝑎𝑛𝑑𝑐1 = −𝑘1

𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒; 𝑥1 = −𝑘1𝑒
𝑡 , 𝑦1 = 2𝑘1𝑒

𝑡𝑎𝑛𝑑𝑧1 = −𝑘1𝑒
𝑡
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Example:

Two tanks are connected as shown below. The first tank

contains initially (100L) of brine containing 50N salt. The

second tank contains initially (100L) of brine with 20N

salt is dissolved. Starting at t=0, the pumping was applied.

If the brine in each tank is kept uniform by stirring. Find

the amount of salt in each tank as a function of t.
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I II

6 L/min 8 L/min 6 L/min

2 L/min
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𝑑𝑦

𝑑𝑡
= 8

𝑥

100
− 2

𝑦

100
− 6

𝑦

100
𝑑𝑦

𝑑𝑡
= 0.08𝑥 − 0.08𝑦

0.08𝑥 − (𝐷 + 0.08)𝑦 = 0. . . . . . . . . . . (2)

II
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Mechanical vibration

Example:

The system with two degree of freedom beings to

move under the following condition;

Initial velocity and

Neglected the friction, derive the D.E. covering free

vibration of system show below:

kx 3)0(1 = kx 3)0(2 =
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k k k
M1 M2

M1 M2        =       = 1 k= spring constant
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xkntdisplacemetconsspringForce

motionofdirectiontheinforceonacceleratiMass

Solution

**tan

*

:

==

=

M1 M2
kx1

k(x  - x )  
2 1

kx
2

1 2

Tikrit University-Civil Engineering 
department  Eng. Anal. & Num. Meth.Third 

Stage Dr.Adnan Jayed Zedan



)1.......(....................0)2(

02

1

)(

*

)1(

21

2

211

1

12111

=−+

=−+

=

−+−=

=

kxxkD

kxkxx

M

xxkkxxM

fxonacceleratiMass

From





Tikrit University-Civil Engineering 
department  Eng. Anal. & Num. Meth.Third 

Stage Dr.Adnan Jayed Zedan



)2.......(....................0)2(

1

)(

)2(

2

2

1

1

21222

=++−

=

−−−=

xkDkx

M

kxxxkxM

From



Tikrit University-Civil Engineering 
department  Eng. Anal. & Num. Meth.Third 

Stage Dr.Adnan Jayed Zedan



𝐷2 + 2𝑘 −𝑘
−𝑘 𝐷2 + 2𝑘

𝑥1
𝑥2

=
0
0

(𝐷4 + 4𝑘𝐷2 + 4𝑘2 − 𝑘2)𝑥1 = 0

(𝑚2 + 𝑘)(𝑚2 + 3𝑘) = 0

𝑚 = ±𝑖 𝑘𝑎𝑛𝑑 ± 𝑖 3𝑘

𝑥1 = 𝑐1 cos 𝑘 𝑡 + 𝑐2 sin 𝑘 𝑡 + 𝑐3 cos 3𝑘 𝑡 + 𝑐4 sin 3𝑘 𝑡

𝑥2 = 𝑐5 cos 𝑘 𝑡 + 𝑐6 sin 𝑘 𝑡 + 𝑐7 cos 3𝑘 𝑡 + 𝑐8 sin 3𝑘 𝑡
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𝑥1 = 𝑐1 cos 𝑘 𝑡 + 𝑐2 sin 𝑘 𝑡 + 𝑐3 cos 3𝑘 𝑡 + 𝑐4 cos 3𝑘 𝑡

𝑥2 = 𝑐5 cos 𝑘 𝑡 + 𝑐6 sin 𝑘 𝑡 + 𝑐7 cos 3𝑘 𝑡 + 𝑐8 cos 3𝑘 𝑡

𝑆𝑢𝑏𝑠𝑡. 𝑥1(𝑡)𝑎𝑛𝑑𝑥2(𝑡) int 𝑜 𝐸𝑞.⥂⥂ (1)

𝑐5 = 𝑐1, 𝑐6 = 𝑐2, 𝑐7 = −𝑐3𝑎𝑛𝑑𝑐8 = −𝑐4

∴ 𝑥1(𝑡) = 𝑐1 cos 𝑘 𝑡 + 𝑐2 sin 𝑘 𝑡 + 𝑐3 cos 3𝑘 𝑡 + 𝑐4 sin 3𝑘 𝑡

𝑥2(𝑡) = 𝑐1 cos 𝑘 𝑡 + 𝑐2 sin 𝑘 𝑡 − 𝑐3 cos 3𝑘 𝑡 − 𝑐4 sin 3𝑘 𝑡
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